Relativistic bound state problem in hadron physics is studied. Mesons and their resonance excitations in the framework of Relativistic Quantum Mechanics (RQM) are investigated. Two-particle wave equation for the Lorentz scalar QCD inspired funnel-type potential with the coordinate dependent strong coupling α S (r) is derived. The concept of distance dependent particle mass is developed. Two exact asymptotic expressions for the system's squared mass are obtained and used to derive the meson interpolating complex-mass formula. Free particle hypothesis for the bound state is developed: quark and antiquark move as free particles in of the bound system. Practical applications of the model are given.
INTRODUCTION
Most particles listed in the Particle Data Group (PDG) tables [1] are mesons and their excited states -resonances. A thorough understanding of the physics summarized by the PDG is related to the concept of a resonance. These hadron states are simplest quarkantiquark (qq) bound systems. The number of known hadrons is constantly increasing with the growing energies of accelerators and proposed experiments on LHC [2] . According to the PDG and theoretical predictions, many hadrons are still absent from the summary tables.
There is no fundamental dynamic theory of hadron resonances at the present time. The description of thesystems and resonances in a way fully consistent with all requirements imposed by special relativity and within the framework of Quantum Field Theory (QFT) is one of the great challenges in theoretical elementary particle physics. Calculations of hadron properties are frequently carried out with the help of phenomenological [3] and relativistic quark models [4] . One of the promising among them is the Regge method in hadron physics [5] .
All mesons, baryons and their resonances in this approach are associated with Regge poles which move in the complex angular momentum J plane. Moving poles are described by the Regge trajectories, α(s), which are the functions of the invariant squared mass s = W 2 (Mandelshtam's variable), where W = E * is the c. m. rest energy (invariant mass of two particle system). Hadrons and resonances populate their Regge trajectories which contain all the dynamics of hadron interaction in bound state and scatterin regions.
Heavy QQ mesons (quarkonia) can be considered as nonrelativistic (NR) bound systems and well described by the two-particle Shrödinger's wave equation. Lightstates are relativistic bound states and require another approach. Within the framework of QFT the covariant description of relativistic bound states is the Bethe-Salpeter (BS) formalism [6, 7] . The homogeneous BS equation governs all the bound states. However, numerious attempts to apply the BS formalism to relativistic bound-state problems give series of difficulties. Its inherent complexity usually prevents to find the exact solutions or results in the appearance of excitations in the relative time variable of the bound-state constituents (abnormal solutions), which are difficult to interpret in the framework of quantum physics [8] .
For various practical reasons and applications to both QED and QCD some simplified equations, situated along a path of NR reduction, are used. More valuable are methods which provide either exact or approximate analytic solutions for various forms of differential equations. They may be remedied in three-dimensional reductions of the BS equation; the most well-known of the resulting bound-state equations is the one proposed by Salpeter [9] .
In this work we study mesons and their excited states (meson resonances) as relativistic two body systems from unified point of view in the framework of the potential approach. The problem under investigation is related to 1) two-particle relativistic equation of motion and 2) absence of a strict definition of the potential in relativistic theory. We use the modified funnel type potential in the framework of Relativistic Quark Model and treat it as the Lorentz-scalar function of the spatial variable r. Using lagrangian relativistic mechanics [10] we derive the two particle classic equation of motion; then, on this basis with the help of the correspondence principle we derive the two-body wave equation. We obtain the exact solutions of the equation for two asymptotic terms of the potentialthe Coulomb term and linear one. The two asymptotic expressions for the squared mass we use to write the complex-mass formula for the bound system. We show that the eigenvalues (masses) for this potential are complex and give several practical applications of the model.
I. RESONANCE AND ITS DEFINITIONS
There are two well-known definitions of these resonance's parameters, both widely used in hadron physics [11] . One definition, known as the conventional approach, is based on the behavior of the resonance's phase shift δ(E) as a function of the energy, while the other, known as the pole approach, is based on the pole position of the resonance and includes several approaches [12] [13] [14] [15] . Fundamentals of scattering theory and strict mathematical definition of resonances in QM were considered in [13] [14] [15] .
In particle physics resonances arise as unstable intermediate states with complex masses [15] . Resonances in QFT are described by the complex-mass poles of the scattering matrix [14] . In scattering experiment, the wave function requires different boundary condition, that is why the complex energy is required [14, 15] . In non-relativistic scattering theory the complex k 2 = 2µE variable plane is used. A Riemann surface k = ± √ 2µE is obtained by replacing the k 2 -plane with a surface made up of two sheets R 0 and R 1 , each cut along the positive real axis [16] (Fig. 1) . The rigorous QM definition of a resonance requires determining the pole position in the second Riemann sheet of the analytically continued partial-wave scattering amplitude in the complex ±k variable plane [17] . In relativistic theory, a Riemann surface M = ± √ s is obtained by replacing the s-plane with a surface made up of two sheets R 0 and R 1 . Both definitions above are formulated in scattering experiment. On the other hand, there are two basic problems in quantum physics: the scattering problem and bound state problem. Resonances are quasi-stationary states in the s-channel at s > 0; this means that one can use another approach to consider resonances. Such an approach to bound-state problem is RQM [18] .
The formulation of RQM differs from non-relativistic quantum mechanics by the replacement of invariance under Galilean transformations with invariance under Poincarè transformations. The RQM is also known in the literature as relativistic Hamiltonian dynamics or Poincare-invariant quantum mechanics with direct interaction [19] . A definition of resonance in RQM was considered in [20, 21] , where mass and width of a resonance are defined from solution of the eigenvalue problem for the Cornell potential [22] , the shortrange Coulomb V S (r) term and linear one V L (r),
α S /r + σr; its parameters are directly related to basic physical quantities, α S and σ.
Operators in ordinary QM are Hermitian and the corresponding eigenvalues are real. It is possible to extend the QM Hamiltonian into the complex domain while still retaining the fundamental properties of a quantum theory. This means one can start with the bound state problem and make the analytic continuation to the scattering region. The problem of particle decay within the Hamiltonian formalism was considered in generalized QM [23] . One of such approaches is complex quantum mechanics [24] . The complex-scaled method is the extension of theorems and principles proved in QM for Hermitian operators to non-Hermitian operators.
The Cornell potential is a special in hadron physics in that sense it results in the complex energy and mass eigenvalues. Separate consideration of two asymptotic components of the Cornell potential -V S (r) and V L (r) -results in the complex-masses expression for resonances, which in the center-of-momentum frame (c.m.f.) is ( = c = 1) [20, 21] :
), N = k + l + 1, k is radial and l is orbit quantum numbers: it has the form of the squared energy
of two free relativistic particles with the quarks' complex momenta π N and masses µ. This formula allows to calculate in a unified way the centered masses and total widths of resonances,
Re
The real-part mass in (3) exactly coincides with the universal mass formula obtained independently by another method with the use of the two-point Padé approximant [25] and is very transparent physically, as well as the Coulomb potential. It describes equally well the mass spectra of alland QQ mesons ranging from the ud (dd, uū, ss) states up to the heaviest known bb systems [25] and glueballs [26, 27] as well. Besides, it allows one to get the Regge trajectories as analytic functions in the whole region from solution of the cubic equation for the angular momentum J(M 2 ) [25] ; the Regge trajectories including the Pomeron [26, 27] are "saturating" and appears to be successful in many applications [28] [29] [30] .
A Riemann surface M N on Fig. 1 can be obtained from (2) by taking the square root ± M 2 N replacing the M 2 N -plane with a surface made up of two sheets R 0 and R 1 , each cut along the positive real axis [31] . The square root of the complex expression (2) gives
Here [15] .
II. RELATIVISTIC TWO-BODY PROBLEM
Considered above quarkonia are simplest among mesons. A more complicated case represent mixed Qq bound states in which quark masses are different. Solution of the relativistic two-body (R2B) problem in a way fully consistent with all requirements imposed by special relativity and within the framework of QFT is one of the great challenges in theoretical elementary particle physics [32] . Comprehensive description of Qq bound states is reduced to relativistic bound state problem.
There have been proposed several wave equations for the describtion of bound states within relativistic quantum theory such as the Klein-Gordon, the Dirac, quasipotential, etc. Relativistic description of two-body systems is usually based on the four-dimensional covariant BS equation [7] . This equation governs all the bound states and is appropriate framework for the description of the R2B problem within QFT. However, attempts to apply the BS formalism to the R2B problem give series of difficulties, the interaction kernel entering in this equation is not derivable from the first principles.
All these difficulties are the sources of the numerous attempts to reformulate the R2B problem of QFT [4, 6] ; there exist various reductions of the BS equation (see [6] ). Many authors have developed noncovariant instantaneous truncations of the BS equation [6, 8] , but a better known is the Salpeter work [33] . After applying simplifying assumptions and approximations to the BS equation, one comes to the spinless Salpeter equaton, which in the c.m.f. is [6, 33] 
it is the conceptually simplest bound-state wave equation incorporating to some extent relativistic effects, where the potential V (r) arises as the Fourier transform of the BS kernel K(q). The equation (6) is sometimes denoted semirelativistic since is not a covariant formulation, however, even this simplest two-particle wave equation leads to several difficulties [6, 8] .
The square roots of the operator in (6) cannot be used as they stand; they would have to be expanded in a power series before the squared momentum operator,p 2 , raised to a power in each term, could act on ψ(r). As a result of the power series, the space and time derivatives are completely asymmetric: infinite-order in space derivatives but only first order in the time derivative, which is inelegant and unwieldy. The next problem is the noninvariance of the energy operator in (6), equated to the square root which is also not invariant. A more severe problem is that it can be shown to be nonlocal and can even violate causality [6] .
The spinless Salpeter equaton (6) can be obtained by another way without any approximations in the framework of RQM from the following simple and obvious consideration. The underlying classic equation of (6) is
This is the total energy of two interacting particles in the c.m.f. and, at the same time, the mass of the system which can also be found from the following simple consideration. Equation (7) is the zeroth component of the four-vector
. Two particles with the momenta p 1 , p 2 and the interaction field W µ (q 1 , q 2 ) (potential) together represent a closed system. The four-vector P µ describes free motion of the bound system and can be separated into the two equations, i. e., E = [p q 2 ) = const and P = p 1 + p 2 + W(q 1 , q 2 ) = const, describing the energy and momentum conservation laws. Because the energy E of the system is the constant of motion, the corresponding Hamiltonian can not depend on time explicitly, the potential W (q 1 , q 2 ) should not depend on time, but depends on the relative coordinat r = r 1 − r 2 of particles, i. e., W 0 = S(r) [6, 8] . This means that the system's relative time is zero, τ = 0, and the interaction is instantoneous, the total energy E in the c.m.f. is the mass M of the system.
The potential in (7) is the zeroth component of the Lorentz-vector W µ (q 1 , q 2 ). In general, there are two different relativistic versions: the potential is considered either as the zero component of a four-vector, or as a Lorentz-scalar [34] ; its nature is a serious problem of relativistic potential models [35] . The relativistic correction for the case of the Lorentz-vector potential is different from that for the case of the Lorentz-scalar potential, the radial S-wave function R(r) for the hydrogen atom diverges as r → 0. This problem is very important in hadron physics where, for the vector-like confining potential, there are no normalizable solutions [35, 36] . There are normalizable solutions for scalarlike potentials, but not for vector-like. This issue was investigated in [10, 25] ; the effective interaction has to be Lorentz-scalar in order to confine quarks and gluons.
The relativistic total energy i (p i ) of a particle in (7) given by S(r) [37] . Therefore, the system's total energy E (invariant system mass M) can be written in the form
The functions m i (r) in (8) are treated as the distance dependent particle masses and (8) can be transformed to the squared relative momentum,
2 . This expression with the help of the fundamental correspondence principle (according to which physical quantities are replaced by operators acting onto the wave function) gives the two-particle spinless wave equation ( = c = 1),
where
The Cornell potential we consider here is fixed by the two free parameters, α S and σ. However, the strong coupling α S in QCD is a function α S (Q 2 ) of virtuality Q 2 or α S (r) in configuration space. The potential can be modified by introducing the α S (r)-dependence, which is unknown. A possible modification of α S (r) was introduced in [26] ,
where b 0 = (33 − 2n f )/12π, n f is number of flavors, µ g = µ(Q 2 ) -gluon mass at Q 2 = 0, Λ is the QCD scale parameter. The running coupling α S (r) in (10) is frozen at r → ∞,
−1 , and is in agreement with the asymptotic freedom properties [α S (r → 0) → 0].
III. SOLUTION OF THE WAVE EQUATION
It is a problem to find the analytic solution of known equations, as well as (9), for the potential (10) . Instead, we solve the quasiclassical (QC) wave equation [38, 39] .
Derivation of the QC equation is reduced to replacement of the operator ∇ 2 by the canonical operator ∆ c [39] without the first derivatives, acting onto the state function Ψ( r). Therefore, instesd of (9) we solve the QC equation for the potential (10),
which is separated that gives the radial,
and the angular equations. Solution of the last was obtained in [39] by the QC method in the complex plane, that gives M l = (l+ 1 2 ) , for the angular momentum eigenvalues. These angular eigenmomenta are universal for all spherically symmetric potentials in relativistic and NR cases.
The problem (12) has four turning points and cannot be solved analytically by standard methods. We consider the problem separately by the QC method for the shortrange Coulomb term and the long-range linear term. The QC wave equation (12) for the Coulomb term has two turning points and the phase-space integral is
The phase-space integral (13) is found in the complex plane with the use of the method of stereographic projection [20] that gives
α ∞ /N , N = k + l + 1. Large distances in hadron physics are related to the problem of confinement. The problem has four turning points, i. e., two cuts between these points. The phase-space integral (13) is found by the same method of stereographic projection as above that results in the cubic equation:
α ∞ . The first root s 1 (N ) of this equation gives the physical solution (complex eigenmasses), M 2 1 (N ) = s 1 (N ), for the squared invariant mass. Two exact asymptotic solutions, i. e., (14) and the first root of the cubic equation above, are used to derive the resonance's mass formula. The interpolation procedure for these two solutions is used [25] to derive the resonance's mass formula:
The real part of the square root of (15) defines the centered mass and its imaginary part defines the total widths, Γ TOT N = −2 Im{M N }, of the resonance [20, 21] . To demonstrate its efficiency we calculate the leading-state masses of the ρ and D * meson resonances (see tables, where masses are in MeV).
The free fit to the data show a good agreement for the light and heavy Qq meson resonances. Note, that the gluon mass in the independent fitting is the same, m g = 416 MeV. Besides, it is the same for glueballs [26] . The d quark effective mass is also practically the same, i. e., m d 273 MeV, for the light and heavy resonances. 
CONCLUSION
The constituent quark picture could be questioned since potential models have serious difficulties because the potential is non-relativistic concept. However, in spite of non-relativistic phenomenological nature, the potential approach is used with success to describe mesons as bound states of quarks.
We have modeled meson resonances to be the quasi-stationary states of two quarks interacting by the QCD-inspired funnel-type potential with the coordinate dependent strong coupling, α S (r). Using the complex analysis, we have derived the meson complexmass formula (15) , in which the real and imaginary parts are exact expressions. This approach allows to simultaneously describe in the unified way the centered masses and total widths of resonances. We have shown here the results only for unflavored and charmed meson resonances, however, we have obtained a good description for strange and beauty mesons as well [37] .
